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Abstract 
This paper deals with a two-dimensional inverse heat transfer problem solved by means of the Trefftz method. The aim of the 
calculations was to determine the flow boiling heat transfer coefficient from the temperature measured by infrared thermography. 
The experiments concerning flow boiling heat transfer were conducted for two parallel asymmetrically heated rectangular 
minichannels. The element heating Fluorinert (FC-72) flowing in the minichannels was a thin foil, smooth on both sides in one 
channel and with enhanced surface on the side in contact with the fluid in the other channel. The enhanced surface was produced 
with iron powder deposited by soldering. The results are presented as infrared thermographs and plots of the heat transfer coefficient 
against the distance from the minichannel inlet. The values of the heat transfer coefficient  were calculated using the Trefftz method. 
In the subcooled boiling region, the values of the heat transfer coefficient were relatively low, while in the saturated boiling region, 
they were very high. The local values of the heat transfer coefficient reported for the surface enhanced by soldering iron powder 
were only slightly higher. 
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1. Introduction 
Recently there have been many studies into flow boiling heat transfer in minichannels with different geometries 
because of the rapid development of high-performance integrated systems consuming large amounts of energy and 
generating large amounts of heat. Highly efficient small size cooling systems for new generation compact devices are 
thus in great demand. The great number of experimental and theoretical analyses reflects the importance of the 
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(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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research into the boiling phenomena in minichannels. Currently, the investigations focus on heat transfer on enhanced 
surfaces because of their theoretical potential to improve the heat transfer process. An overview of the relevant 
literature on heat transfer in minichannels can be found in [1-17]. 
In flow boiling heat transfer, which occurs at the interface between the minichannel wall and the fluid, the heat 
transfer coefficient can only be identified when the wall temperature, the temperature gradient and the fluid 
temperature are known. In a two-dimensional calculation model, these quantities can be determined by solving the 
inverse heat conduction problem [18]. 
Inverse problems can be dealt with using the method proposed in 1926 by E. Trefftz [19]. The unknown solution 
of a differential equation is approximated using a linear combination of functions that exactly satisfy the differential 
equation. Such functions are known as the Trefftz functions. The next step involves adjusting the approximate function 
to satisfy the boundary conditions, and, in the case of unsteady state problems, also the initial conditions. Details of 
the method based on the Trefftz functions can be found in [20-26]. 
 
Nomenclature 
A surface area, m2 
Di coefficient of the linear combination 
I current supplied to the heated foil, A 
J  functional 
P number of measurements 
q  heat flux density, W/m2 
qloss loss of heat to the surroundings, W/m2 
qV volumetric heat flux, W/m3 
T temperature, K 
u particular solution of the differential equation 
vi(x,y) Trefftz functions 
x, y spatial coordinates 
Greek symbols 
D heat transfer coefficient, W/(m2 K) 
'U in voltage along the foil, V 
G thickness, m 
O thermal conductivity, W/(m K) 
V relative difference  
: two-dimensional domain 
Subscripts  
f fluid 
l liquid 
P  last measurement point 
p measurement point 
sat  saturation 
 
2. Experiment 
The most important element of the main loop is the test module with two parallel vertically oriented rectangular 
minichannels, each 1.7 mm in depth, 16 mm in width and 180 mm in length. The heated element in contact with the 
fluid flowing in the minichannels is a 0.1 mm thick Haynes-230 alloy foil. The properties of the Haynes-230 alloy 
was discussed in [27, 28]. 
In one minichannel, both surfaces of the foil are smooth, while in the other, the surface in contact with the fluid is 
enhanced. The surface enhancement was achieved by soldering iron particles to the Haynes-230 alloy foil.  
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A schematic diagram of the test module is shown in Fig. 1a. The temperature of the heated foil was measured by 
infrared thermography (IRT), in the central, axially symmetric part of each minichannel (1). The outer (smooth) 
surface of the foil was coated with black paint (8) of known emissivity (about 0.83) [5]. 
During the experimental series, the flow of the working fluid (FC-72) in the minichannels was laminar. When the 
desired values of the fluid pressure and flow rate were reached, there was a gradual increase in the electric power 
supplied to the heated foil followed by an increase in the heat flux transferred to the fluid in the channel. 
The experimental data obtained for the subcooled boiling region and the saturated nucleate boiling region is 
presented as infrared thermographs in Fig. 1b and Fig. 1c, respectively. The temperature of the outer channel wall 
(smooth surface of the heated foil) obtained by infrared thermography was used for the calculations and further 
analysis. 
 
 
 
Fig. 1a) Schematic diagram of the test module:  1-minichannel, 2-heated foil, 3-glass panel, 4-channel body, 5-front cover,6-thermocouple,  
7-enhanced surface of the foil, 8-black paint layer; b, c) thermographs of the heated foil measured by infrared thermography; data obtained for: 
the smooth side of the foil (A) and the enhanced side of the foil with iron powder deposited by soldering (B); b,c) heat transfer in the  
subcooled (b) and the saturated nucleate boiling regions (c); experimental parameters: Reynolds number:  Re = 1 400,  
volumetric heat flux: b) qV = 4.42∙104  ÷ 2.13∙105 kW/m3, c) qV = 2.29∙105 ÷ 3.40∙105 kW/m3 
3. Analysis and modelling 
It was assumed that the heat flow through the major elements of the test section was stationary and two-dimensional 
and that there was no variation in temperature along the width of the minichannel. 
Local values of the heat transfer coefficient were calculated from Newton’s law: 
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  (1) 
where: q – density of the heat flux transferred from the heated foil to the fluid, T – foil temperature, G  – thickness 
of the heated foil, fT  – temperature of the fluid, assuming that    xTxT lf   in the subcooled boiling region and 
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xTxT satf   in the saturated boiling region, Tl  – fluid temperature calculated from the assumption of the linear 
distribution of the fluid temperature along the minichannel and Tsat  – saturation temperature determined from the 
assumption of the linear distribution of the fluid pressure along the minichannel. 
The heat flux density q and the foil temperature T  were determined by solving the inverse problem of heat 
conduction in the heated foil: 
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where: I  current supplied to the heated foil, U'  drop in voltage along the length of the heated foil, A surface 
area of the heated foil in contact with the fluid, G  thickness of the heated foil, lossq  loss of heat to the surroundings 
[5], 1x – location of the first measurement point at the boundary 0 y , Px – location of the last measurement point, 
P – number of measurements, pT – measured temperature, O – thermal conductivity of the heated foil. 
The inverse problem (Eqs. 2-6) was solved using the Trefftz method. The temperature T  was approximated by 
means of a linear combination of the Trefftz functions:  
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where: ),( yxu – particular solution of Eq. (2), and  yxvi ,  –  Trefftz functions. 
The unknown coefficients ia  were calculated by minimizing the functional which expresses an error of the 
approximate solution on the boundary of domain :. 
The heat flux from Eq. (1) was determined according to the following relationship: 
y
xT
xq
 
),( 
)( w
w GO
  (8) 
86   B. Maciejewska et al. /  Procedia Engineering  157 ( 2016 )  82 – 88 
4. Results and discussion 
As shown in the previous section, the experiments involved increasing the heat flux supplied to the thin foil 
constituting the heated wall common to two parallel minichannels. The foil temperature was measured using an 
infrared camera. The measurements were taken in a selected area (4 mm x 180 mm) along the central line of the axially 
symmetric part of the minichannels. The experiments were conducted under steady-state conditions.  
In the experimental series, the heat transfer between the heated surface and the working fluid in the minichannels 
was initially by single phase convection; nucleate boiling occurred with an increase in the heat flux supplied to the 
foil. The first region after the onset of boiling was the subcooled boiling region. In the subcooled boiling region, the 
liquid became superheated only in the vicinity of the heated surface; in the core of the flow, it was highly subcooled. 
The next boiling region was the saturated boiling region. In this region, the temperature of the fluid in the core of the 
flow was equal to the saturation temperature. Local values of the heat transfer coefficient were calculated using the 
thermograms showing the foil temperature (Fig. 1b,c). The data is plotted as the heat transfer coefficient against the 
distance from the minichannel inlet. Separate plots were generated for the subcooled boiling region (Fig. 2a,b) and 
the saturated boiling region (Fig. 2c,d). 
 
 
 
Fig. 2. Heat transfer coefficient versus the minichannel length, data for: a,b) the subcooled boiling region, experimental parameters as for Fig. 1b; 
c,d) the saturated boiling region; experimental parameters as for Fig. 1c; data obtained for the smooth surface (a,c) and the enhanced surface (b,d)  
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The data obtained for the smooth surface is presented in Figs. 2a,c whereas that reported for the enhanced surface 
is shown in Figs. 2b,d.  
In the subcooled boiling region, there was an increase in the local values of the heat transfer coefficient with an 
increase in the distance from the minichannel inlet, especially for the highest heat fluxes supplied to the heated foil 
(Fig. 2a,b). The local values of the heat transfer coefficient obtained for the enhanced surface were about  
0.1 kW/(m2 K) higher than the values obtained for the smooth surface. It was observed that in the subcooled boiling 
region, the values of the heat transfer coefficient were slightly higher for the surface enhanced by soldering iron 
powder than for the smooth surface at the highest heat flux supplied to the heated foil.  
In the saturated boiling region the heat transfer coefficient was very high, with values up to twenty times higher 
than those obtained for the subcooled boiling region. In the saturated boiling region the heat transfer coefficient 
decreased significantly with an increase with the distance from the minichannel inlet. That was due to an increase in 
the vapour volume fraction in the two-phase mixture [3,5]. The lowest values of the coefficient were observed at the 
channel outlet. The local values of the heat transfer coefficient reported for the smooth surface decreased gradually 
towards the minichannel outlet at a distance in the range 0.14 m ÷ 0.18 m and the function was monotonic. For the 
enhanced surface, the local values of the heat transfer coefficient also decreased, but the decrease was reported along 
the entire length of the minichannel; the function, however, was not monotonic. The slight porosity of the powder-
based structure was responsible for locally high values of thermal resistance at diffusion bridges, a decrease in the 
surface wettability during fluid flow, and the generation of vapour plugs contributing to a reduction in the heat transfer 
efficiency. 
5. Conclusions 
This paper has presented the Trefftz method applied to solve the two-dimensional inverse heat transfer conduction 
problem. In the two-dimensional calculation approach, local values of the coefficient of heat transfer at the interface 
between the heated foil and the boiling fluid were calculated from Newton’s law. The aim of the calculations was to 
determine the boiling heat transfer coefficient on the basis of the temperature measured by infrared thermography in 
two parallel asymmetrically heated rectangular cross-section minichannels. The heated element for FC-72 Fluorinert 
was a thin foil smooth on one side (for one channel) and with an enhanced surface on the other (for the other channel). 
The enhanced surface in contact with the fluid was produced by soldering iron powder. 
In the subcooled boiling region, the heat transfer coefficient was relatively low. The values increased slightly with 
the distance from the minichannel inlet. In the saturated boiling region, the heat transfer coefficient was very high 
(with values up to twenty times higher than those reported for the subcooled boiling region) and local values of the 
coefficient decreased along the minichannel length. For the enhanced surface, the coefficient was reported to decrease 
along the entire length of the minichannel; the function was not monotonic. Data obtained for the smooth surface 
decreased gradually towards the minichannel outlet at a certain distance and the function was monotonic. In this 
region, the values of the heat transfer coefficient were slightly higher for the enhanced surface than for the smooth 
surface. 
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